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Abstract 

Wc construct the most general chirally invariant Lagrangian for mesons in the presence of 
external sources coupled to the tensor current ipa^^i^ip. In order to have only even terms 
in the chiral expansion, we consider the new source of O(p^). With this choice, wc build 
the even-parity effective Lagrangian up to the p^-order (NLO). While there are only 4 
new terms at the p^-order, at p^-order we find 78 terms for Uf = 2 and 113 terms for 
Hf = 3. We provide a detailed discussion on the different mechanisms that ensure that 
our final set of operators is complete and non-redundant. We also examine the odd-parity 
sector, to conclude that the first operators appear at the p^-order (NNLO). 



Keywords : Chiral Lagrangians, Nonperturbative Effects, Spontaneous Symmetry Break- 
ing, QCD. 



1 Introduction 



Chiral perturbation theory is the effective low-energy field theory of the strong interactions, 
describing the dynamics of pseudo-Goldstone bosons (vr, K, rj) in an expansion in powers of 
external momenta and quark masses. 

It was almost thirty years ago when Weinberg first introduced the chiral Lagrangian [1], 
in an effort to translate the current algebra relations of chiral symmetry into a Lagrangian 
formulation. This pioneering work was soon followed by the seminal papers of Gasser and 
Leutwyler [2 13] , extending the chiral Lagrangian up to the next order in the chiral expansion 
{0{jp'^) in Weinberg's power counting scheme) and embedding it into a framework where 
Green's functions could be easily computed. In particular, they accounted for the set of 
Green's functions containing the Dirac bilinears ipj^^, V'7/i75V') V'V' s-^id ipi^^ip. 

Later on, and motivated by the increasing experimental accuracy, the Lagrangian was 
pushed to the two-loop order {Oijf')) for the even-parity (HE] and odd-parity sectors [6l[7]. 
There is no theoretical difficulty in going to higher orders. Rather, the limitations come from 
the experimental inputs required to determine the growing number of free parameters0 

There have been efforts to extend the Lagrangian in the chiral expansion, but not in 
the number of external fields. In particular, no systematic introduction of the tensor Dirac 
bilinear ipa^ui^ has been attempted. This can be partially explained because, as opposed 
to other Dirac currents, there is no physical realization of the tensor field coupled to the 
tensor Dirac bilinear in the Standard Model (SM). However, this does not mean that their 
phenomenology is uninteresting. For a long time several studies have turned their attention 
to Green's functions coupled to Dirac tensor sources, both from the sum rule perspective 
[8]-[12] and, more recently, from the lattice QCD perspective [13]. Moreover, non-forward 
hadronic matrix elements of the Dirac tensor operator have recently attracted some attention 
because of their relevance in the study of generalized parton distributions (GPDs) of hadrons. 
In particular, the chiral realization of the tensor operator relevant for the GPDs of the pion 
was recently determined using the method of spurion fields (see, for instance, [14^ [T5] and 
references therein). A further phenomenological motivation for introducing such currents 
can be found when studying interactions beyond the SM. In certain scenarios one needs to 
calculate the hadronic matrix elements of tensor currents (see, for instance, [I6j). It is the 
purpose of this paper to provide a consistent low-energy framework for such studies. 

The paper is organized as follows : in Section 2 we apply the external source method to 
the tensor sources coupled to the Dirac bilinear ^a^yip and identify the list of basic elements 
out of which we will construct the Lagrangian. Section 3 deals with the construction of the 
Lagrangian up to the p^-order. We list the full set of operators invariant under Lorentz, chiral 
SU{nf)L X SU{nf)fi and discrete symmetries, and reduce them to a minimal set through 
the use of the lowest-order equations of motion, integration by parts and Bianchi identities. 
If one specializes to the two-flavor and three-flavor cases, which are the phenomenologically 
relevant ones, further constraints are also provided by the Cayley-Hamilton relations. They 
are explicitly listed in the Appendix. Contact terms are discussed in Section 4. Section 5 
is devoted to the odd-intrinsic parity sector, while in Section 6 we comment on the chiral 
counting for tensor sources. Finally, we give our conclusions in Section 7. Phenomenological 
applications are relegated to a companion paper. 

^Already at 0{p^), there are more than 100 low-energy couphngs. Obviously, for certain physical processes 
only a few of these NNLO low-energy couplings need to be determined. It is for these processes that the 
two-loop computation is predictive. 
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2 Preliminaries : chiral building blocks 



Chiral perturbation theory (xPT) is the effective field theory describing the strong interac- 
tions at very low energies. It is based upon the global SU{nf)L x SU{nf)fi flavor symmetry 
(nj = 2,3) spontaneously broken down to SU{nf)v- The cp'^ = {7r,K,r]) fields are assumed 
to be the Goldstone bosons of the theory and therefore their interactions are completely 
described by Goldstone dynamics. The general formalism for effective Lagrangians with 
spontaneously broken symmetries was worked out by Callan, Coleman, Wess and Zumino 
|17j and it is explained in detail for instance in Ref. [18]. In particular, for our case it implies 
that the Goldstone bosons have to transform as 

uicj)") ^ R uicP") h) = h u{<i)'') , (1) 

where R{L) € SU{3)ji(^q, h £ SU{3)v and u(0") is a unitary non-linear representation of 
the Goldstone modes, typically 

u{r) = exp (^'/'"A") . (2) 

The chiral Lagrangian can then be built out of the invariant operators of u[(j)"') and its 
derivatives (or also commonly U{(j)°') = n((/)")^ and its derivatives). 

However, in order to compute Green's functions, it is convenient to introduce a set of 
external fields, one for each QCD current we want to account for, both in the QCD and xPT 
Lagrangians. Enforcement of chiral ward identities can then be easily achieved by promoting 
our global chiral symmetry to a local one [19]. This is the basis of the external field method 
[2], which we will briefly sketch below with the inclusion of the tensor external field. 

In terms of the effective action, the addition of external fields reads 

Z[v^,a^,s,p,t^y] = j Dip Dip VG^ 



exp 



(3) 



where CPqcd massless QCD Lagrangian and 

Cext = V' lpi{v^ + 75 a^) ■0 - V'Cs - ^ 75 P) V' + ^ <yi.u t^"" V , (4) 

where f^, a^, s, p and t'^'^ are hermitian matrices in fiavor space. The vector and axial-vector 
external fields are chosen to be traceless in flavor space, but the rest of them will in general 
have a non-vanishing trace; for instance 

*^'^ = EyC (5) 

a=0 

with A° = ^/2/n} 1 

UfXnf III order to manifestly show the chiral symmetry, it is convenient 
to first rotate our fields to the chiral basis, with projections given by 

V^i^PiV'= f^^V, ^PR^PRi;=(^-^]^P, (6) 
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from which one can readily conclude that 

= Vfj, + o^; Ifj. = Vf, - ttf,; X = 2 Bq (s + ip) , (7) 

where and are coupled to right-handed and left-handed currents, respectively, while x 
mixes the chiral sectors. Bq is related to the quark condensate. 
For the tensor field, one finds that 

^ cT^. i^'i^ = iPL^T^'tl^iPn + iPr a^^'^t^.iPL , (8) 

and the change of basis reads 

= pr^'hp, (9) 

where P^'^r^ are the analogs of Pl,r in Eq. ([6]) for the tensor fields, given 

p^vXp ^ (P^^^P)^ . (10) 



L - ) 

Indeed, one can check that they satisfy the usual properties of chiral projectors 

^R ^R — ^R ' 

pp.uXppXpaP ^ ^ ^^^^ 

Eq. Q above just states the fact that t^^ and are the left and right-handed projections of 
the tensor field and can be seen as the analog of Eq. ([7]). Notice that the chiral rotation mixes 

and a^, s and p and the tensor with itself. This is precisely what one expects, since 75 
acting on a^^^ is not an independent Dirac matrix, but decomposable in terms of a^^^ alone. 

The next step is to promote the chiral symmetry to a local one. This sets the following 
chiral transformations for the various external fields 

^ Rr^R^ + iRd^R\ 

tpv ^ Rtpu ■> (12) 

together with a covariant derivative for the pion field, namely 

Df,U = df,U-irf,U + iUlf, , Df,U ^ R{D,,U)L^; 
fp, i ^p 

C/t , Df,U^ ^ L{Df,U^)RK (13) 



^In getting to pop use has been made of the algebraic identity 
The convention e"^^^ = +1 for the Levi-Civita tensor g^'""'^ will be used throughout this paper 
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For the right and left-handed fields, field strength tensors arise naturally : 

[Df", D'']X = i XF^" - i F^^X , (14) 

with 

The set {U, F^'^j^,x,t^u), along with their adjoints and covariant derivatives, are the building 
blocks to construct a theory with chiral symmetry. The next step would be to assemble 
them together in chiral invariant combinations which respect parity, charge conjugation and 
hermiticity. 

However, the building blocks listed above transform differently under the chiral group. 
This is not a problem when one is dealing with the lowest orders in the chiral expansion, 
where the combinatorics are simple and only a small number of operators result. However, 
already at next-to-leading order the number of operators involved recommends to deal with 
building blocks in a more efficient way. We will follow the conventions of [5l [20] and work 
with the following set of hermitian and anti-hermitian terms, 

= i^u\df_,-ir^)u-u{d^-il^)u^^ =iu^ D^Uu^ , 
/f = uF^'u^ ± u^F^'u, 

X± = xu^ ^ ux^ u, (16) 

where signs are correlated. The main advantage of this new set of operators is that they all 
transform in the same manner under the chiral group, namely 

hXh\ X = tx^,/f (17) 

As a result, one can define a unique covariant derivative for them all, e.g., 

VpX = dpX + [Tp,X], Tp = ]^[u\dp-irp)u + u{dp-ilp)u^Y (1^) 

where the last term is the chiral connection. Analogously to Eq. p3|) . there is a field strength 
tensor associated to the covariant derivative, namely 

[Vp,V,]X = [T^,,X], (19) 

with 

1 i 

= dpTy - dyVp, + [r^, Ty] = -[up, Uy] - -f+pu ■ (20) 
Both the sets {U^^l F^% X^^^ t^i) and (up, hp,, 

,X±,t±) are complete!! Therefore, both 
can be used to build the chiral Lagrangian. The latter set, as mentioned previously, eases 
the path to determining the full set of operators in the chiral Lagrangian and will be adopted 
in the next section. The former set, however, has no mixing between Goldstone modes and 
external fields and it will prove useful in Section 4, when we will isolate contact terms. 

^Note that is self-adjoint and the combination V^u^ — V^u" = J^" and therefore it is redundant. 
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x± 
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±x± 




±X± 

/r 



Table 1: Various transformation properties of the elements of Eq. p6p . 

3 Construction of the Effective Lagrangian 

The whole set of operators including tensor sources can now be built by assembling together 
the building blocks of Eq. (116p (and their covariant derivatives) in traces and products of 
traces thereof with the help of Table [H such that the Lagrangian be hermitian and invariant 
under discrete symmetries. 

Prior to the actual construction of the Lagrangian, however, all (external) fields have to 
be endowed with a power counting, such that the resulting operators can be accommodated in 
the chiral expansion. In order to have only even terms in the chiral expansion, it is convenient 
to choose 

U = u'^ ~ ©(/), 

V ~ (21) 
With these conventions, operators with tensor fields appear first at 0{p^). 

3.1 Chiral Lagrangian to lowest order 

When the external tensor field is switched on, one finds the following operators 

where ( • • • ) stands for the trace in flavor space. In Eq. (j22p and all through our analysis 
we will make extensive use of the tracelessness properties (r^) = = {F^'^), (l^) = = {F^'^) 
and (n^) = = (/f)- 

It is interesting to remark that a potential contact term like ff^'^ t j^;/ in Eq. ()22p cancels 
identically due to orthogonality of chiralities, as can be easily checked using the chiral projec- 
tors of Eq. ©El Hence, it follows that t'^ t~^^ = t'^ t~j^ and t'^, = t^^. These relations 
have been used in deriving Eq. ()22p and will be used hereafter. 

We also note that Eq. (j22p is valid for any number of flavors. Cayley-Hamilton trace 
relations (to be discussed in the Appendix) do not provide extra constraints. 

^Obviously, the tensor source is not a Lorentz scalar, and contact terms involving det (t^^) are forbidden. 
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3.2 Higher order terms 

At next-to-leading order {0{p^)), the number of operators with tensor sources increases 
considerably. The purpose of this section is to sketch the steps followed in reaching the basis 
of chiral invariant operators listed in Table [Aj In particular, we will outline the strategies 
followed to reduce the set of operators to a non-redundant minimal one, focussing on the 
results obtained rather than giving the technical details, which can be found in [H [5]. 

The full set of 0{p^) operators which results from combining the building blocks of 
Eq. (I16p and their covariant derivatives falls into one of the following generic groups 



f h^^" h" ■ f f"P ■ 

Upii n II' a 1 ''P^' ^ J p y 

Xp, '^v ) tfiv t p ) 

^p,v f a ' ^ P ^ fai/ ) 

tpu Ua u" Ua ] (23) 



where emphasis has been placed only on operator combinations, i.e., traces and i factors 
have been omitted and it subscripts have been skipped for simplicity. Also, we have used 
the short-hand notation V^x = Xp- The previous list is however complete in the sense that 
it contains all the independent operator combinations. For instance, operators like t^^ xx 
are generically C- violating and t^^ u'^ Ua or t^^ ^^fpi/ ux can be shown to be redundant 
using partial integration and the chain rule. 

Table lA] lists the full set of hermitian operators invariant under parity and charge conju- 
gation, organized in blocks of operators below each of the representatives of Eq. ()23p . 

Obviously, the most challenging task in going from Eq. (j23p above to our final set of 
operators in Table lAl is to make sure that the set is minimal, i.e., linearly dependent operators 
have been removed and we can talk of a true chiral basis of operators. In the following we 
will discuss the commonly used strategies, namely integration by parts, use of the equations 
of motiorll and the Bianchi identity. 

3.2.1 Partial integration and equations of motion 

Integration by parts was already used to get to Eq. ([23]) . The list can be further reduced, 
however, if one notices that the covariant derivatives of Up satisfy 

Vpu^ = ^{hp^- f^f,^ ) . (24) 
Furthermore, the lowest-order equations of motion for the chiral Lagrangian read 



^In determining the higher order terms in the chiral expansion the equations of motion for the leading 
order can be used. As discussed in [5], its enforcement is equivalent to a transformation of fields and therefore 
physics is left invariant. 
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If we combine Eqs. (j24p and (j25p with integration by parts we find the fohowing relations, 

i { , } = -i { t'l^ , t+,A } + ^ { t';, , t-^. } /^"" - ^ { t% , t.,^ } , 

(26) 

where in the first hne the lowest-order equations of motion of Eq. (j25p have been used. The 
second and third relations follow from Eq. (j24p . 

Further relations can be found using the properties of the chiral connection listed in 
Eqs. ([12]) and In particular, 

-\y2Z + ^Y24 + Ygi, 

\y59 - \ygo - Ys5 , (27) 

where the Yi operators can be found in Table [Aj We have chosen to eliminate the second 
operators in the left-hand side in the equations above. In a similar fashion (but after a more in- 
volved calculation) , one can show that i ( Vp t+^i, { f^"^ , } ) and i ( Vp t^^,^ { f'^'' , } ) 
are also redundant. 

3.2.2 Bianchi identity 

In Eqs. ()18p - (|20p we introduced the chiral connection and the field strength T^i, that naturally 
stems from it. There is also an associated Bianchi identity, which in this case takes the form 

+ VpEp^ = 0. (28) 

Tracing this equation with and integrating by parts we get one additional relation be- 

tween operators. Accordingly, we choose to remove from our list the operator i (V^ t+^yV p /+^)- 

4 Contact terms 

So far, to the best of our knowledge the number of operators for general is complete and 
minimal. However, in our list there are contact terms, i.e., combinations of operators which 
only depend on external sources. Since they do not contain the pion field, they cannot be 
determined from phenomenology, but are necessary to correctly account for the ultraviolet 
behavior of Green's functions. 

In the basis or hermitian and anti-hermitian chiral invariants we have been using, contact 
terms do not arise in a natural way. Instead, they are hidden in linear combinations of 
operators. As we already discussed, chirality prevents a contact term like t^'^tjj,,^ at order 
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0{j)^). At the next order, one finds the following contact terms 

o ib 

w^r+xVi^r+h.c.) = \{u,.{n\x+]) + \{t-,.[r,x+])- 

- ^(t-..{/rX-})-^(t+..[/r,X.]), (29) 

where S/^t'^ = {D^t^^'^)± + 1 t'^^ has been used in the first relation. We will incorporate 
the previous contact terms in our basis, and accordingly remove the following monomials, 
which otherwise would be redundant : 
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(i-^. [/^',X+]> = -l74 + ^^75+>76 + 4^120. (30) 

All the relations discussed above finally reduce the number of operators to 117 and 3 contact 
terms. This is the number of independent operators for any number of flavors. However, only 
Uf = 2,3 are phenomenologically relevant. For such cases, the Cayley-Hamilton theorem 
provides further relations between traces. For reference, we list them in the Appendix. After 
enforcing the Cayley-Hamilton relations, we end up with 110+3 independent operators for 
three flavors and 75+3 for two flavors. 

In order to have a minimal basis of 0{p^) chirally invariant monomials with tensor sources, 
we have followed the same procedure as in Ref. [5]. However, a recent paper [21j has pointed 
out that the basis of [5] for two flavors is not yet minimal : an identity among several operators 
of that basis was found, which does not become trivial when setting to zero the external 
sources. Interestingly, such identity does not require new algebraic manipulations other 
than the Cayley-Hamilton relations, Bianchi identities, partial integration and equations of 
motion. The fact that even after the sophisticated analysis of [5j an additional relation was 
found shows that reaching a minimal set of operators at higher orders in the chiral expansion 
is quite a challenging task. With tensor sources, however, highly nontrivial relations such as 
the one reported in Ref. [21j are unlikely to be found, mainly because : (a) the tensor source 
does not enter the lowest order equations of motion and (b) there is no Bianchi identity 
associated with it. As a result, algebraic manipulations are simpler and we do not expect our 
basis to suffer further reduction. 



5 A comment on the odd-intrinsic-parity sector 

So far we have restricted our analysis to the even-intrinsic parity sector of the chiral expan- 
sion. The odd-intrinsic parity sector is related to the chiral anomaly, since the lowest order 
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contribution to this sector comes precisely from the Wess-Zumino-Witten term. For pions 
alone, its form is fixed by cohomology theory and can be formulated on a 5-dimensional man- 
ifold [22j. However, the terms that involve external sources can be cast as a four-dimensional 
integral of chiral invariant densities, i.e., they are proportional to the Levi-Civita tensor 

In the presence of external sources, the anomalous chiral Lagrangian is known to con- 
tribute already at O(p^). In [6[ f7] the basis of operators at the next order was determined 
for vector, axial, scalar and pseudoscalar sources. In the following we will argue that the 
odd-parity sector involving tensor sources only starts at the p^-order. 

In order to obtain the lowest order odd-intrinsic operators in the chiral expansion, the 
tensor source must have some indices contracted with the Levi-Civita symbol. In what follows 
we will show that all such possible contractions identically reduce to even-parity operators. 

Consider first the case when both tensor indices are contracted with the Levi-Civita 
symbol, e.g., 

(31) 

where B'^p stands for any tensor structure compatible with chiral and discrete symmetries. 
From the definition of the chiral projectors, Eq. (jlOp . one can write 



= 2i i^P^"''^ - P^^'^^j , (32) 
whence it follows that 

^fiuafStj- = 2itzf^u J (33) 

and therefore such terms are not present in the odd-intrinsic parity sector. Notice that this 
is a consequence of the fact that the tensor source has no chiral partner, or equivalently that 
75 is not an independent Dirac structure. 

Consider now the case when only one of the indices of the tensor operator is contracted 
with the Levi-Civita density, nameljo 

6^-/3 ^±^7'"^ (34) 

where B^'^"^ stands for any generic chiral tensor (completely antisymmetric in u, a and /3) 
made out of the elements of Eq. (jl6p . We will use the Schouten identity in the form : 



which stems from the fact that any 5-form vanishes in 4 dimensions. Contracting it with 
t± B^'^'^^ it is not difficult to show (with the use of Eq. ()33p ) that it can be rewritten in the 
following way : 

e^uap i?/"^ = 3 i t^o^pB^^ , (36) 

which shows that Eq. does not contribute to the odd-parity sector. 

However, when none of the indices of the tensor source is contracted with the Levi- 
Civita density, odd-parity operators will in general arise. If we take, for instance, any of 
the operators of our basis at 0{p'^) and multiply it by any of the 0{p'^) odd-intrinsic parity 
operators of Ref. [6j we will get an odd-intrinsic parity operator involving tensor currents. 
But this operator will be at least of 0{p^), as anticipated, and it falls beyond the scope of 
the present work. 



^AU other contractions can be rendered equivalent to this one by means of partial integration. 
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6 On the power counting for the tensor source 



In this section we will elaborate a bit more on our choice for the chiral counting of tensor 
sources. 

Let us begin by briefly reviewing the chiral counting for the other Dirac external fields. 
In Section 2 we motivated the introduction of external fields coupled to QCD currents as a 
way to automatically ensure the chiral Ward identities when computing Green's functions. 
For this to happen, the global chiral symmetry of the QCD Lagrangian has to be promoted 
to a local one. From the point of view of external fields, this step only affects the vector and 
axial-vector sources, which play the role of chiral gauge fields and therefore enter the chiral 
covariant derivative when it replaces the ordinary one. One is then naturally led to make 
the chiral dimension of the vector and axial- vector sources coincide with that of the ordinary 
derivative, i.e., v^, ~ 0{p). Notice that no reference to the actual physical meaning of the 
sources was needed : gauge invariance is enough and the sources can be regarded as formal 
entities. 

However, for scalar and pseudoscalar sources the situation changes. In order to motivate 
their chiral scaling contact has to be made with QCD through quark masses. Quark masses 
can be formally introduced as external scalar sources, and chiral invariance groups the scalar 
and pseudoscalar densities in the combination x = 2 BQ^s + ip) (and its hermitian conjugate), 
where Bq can be seen as a coupling required by nai've dimensional analysis. The Gell-Mann- 
Oakes-Renner relation for the pion mass sets = Bq (m^ -|- nid) and one is naturally led 
to consider x ~ ~ C'(p^). This scaling assignment is of course subject to assuming 
Bq ^ Fq, which seems to be the picture supported by phenomenology. Incidentally, since 
scalar external sources have a physical realization as the quark masses, the combination Boniq 
is renormalization invariant and the coupling Bq can be determined by matching onto 
the QCD Lagrangian, yielding the well-known result Bq = — (■0V') -^o"^- 

Therefore, gauge symmetry alone motivates the scaling for vector and axial-vector sources, 
whereas the momentum scaling for scalars and pseudoscalars is suggested by the way chiral 
symmetry is (explicitly) broken. 

Let us examine the situation for tensor sources. The tensor field coupled to 'tpa^i,'il> 
induces a chirality flip (much like scalars and pseudoscalars do) and therefore transforms 
in the same way under a chiral transformation. However, unlike scalars and pseudoscalars, 
tensor fields do not have a physical realization as symmetry breaking terms in the chiral 
Lagrangian. Their chiral power counting is therefore not motivated by physical arguments 
and should be seen only as a formal theoretical tool to compute Green's functions. Whatever 
choice is made for the chiral counting, it will only affect the way operators with different 
number of tensor sources are organized in the chiral expansion A convenient choice is to 
assign the tensor source with the same chiral counting as the scalar and pseudoscalar sources, 
i.e., tfj,u ~ O(p^). This has two main advantages : (a) the tensor source only generates even 
terms in the chiral expansion, and therefore does not change the standard chiral counting 
scheme; (b) operators involving resonance exchange appear at O(p^), leaving only universal 
terms at O^p^). 

Since we are assigning the same chiral counting to all spin- flipping sources s, p and 
one could equally well define, by analogy to x = 2 Bq {s -\- ip) , a, tensor chiral field t^^ = 
bot^y. Here 6o would be the analog of Bq for tensor fields. One advantage of introducing a 
dimensionful parameter 6o is that all the low-energy couplings at a given order in the chiral 

''Obviously, the chiral expansion of the diflterent Green's functions with tensor sources is insensitive to the 
eventual choice of chiral counting for the external fields. 
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expansion would then have the same mass dimension. For instance, at 0{p'^), the complete 
set of chiral low energy couplings 

L„ i = l,..,10; Hi,H2; Xj, i = l,...,4, (37) 

are dimensionless, where Xj are defined in terms of the Aj of Eq. (j22p as Aj = &o Aj, n 
being the number of tensor sources in the associated operators. For instance, Ai = bo Ai but 
A3 = 6§A3. 

Furthermore, notice that all operators with external fields we added to the QCD La- 
grangian in Eq. ^ are, by construction, scale invariant. Conservation of vector and axial- 
vector currents (in the chiral limit) implies in turn that and are also scale invariant. 
On the other hand, the anomalous dimensions of the QCD scalar and pseudoscalar currents 
are known to be the opposite to that of the quark masses, implying that s and p run like 
the quark masses. Since the combination Bq ruq is scale invariant, it follows that x is also 
invariant. Thus, by analogy, bo is purported to make T^i, renormalization-group invariant. 

This can be understood by means of a renormalization group analysis. For the tensor 
current, 

M^^a/s = -irTafs, (38) 

where T^/s = tp (Ja/s ip and 7t is the tensor anomalous dimension. In the high momentum 
transfer regime {/j, ^ Aqcd), the anomalous dimension can be computed to give 

7T = Cp^ + 0{al). (39) 

Invariance of the QCD Lagrangian implies that the tensor external source i^u has to evolve 
as ^ 

l^'^^af^ = 7T tafS ■ (40) 

Consider now a term in the xPT Lagrangian with n tensor sources, A^"^ On{tfj,u)- When 
related to QCD parameters, the low energy coupling A^"^ will pick the QCD scale depen- 
dence. Defining r^i, = botf^u, the term can now be written as A^^^^ On{ifj,u) = A^*^-* OniT^u) = 
(&Q A*^")) On{i^v). Therefore A^") = 6q A^"-) and all the QCD scale dependence is contained in 
60, namely 

— 60 = - 7T ^0 • (41) 

This is in complete analogy to the role played by Bq in the scalar-pseudoscalar sector. This 
analogy can be best illustrated with the following example. 

6.1 A simple application : One loop corrections to IIvt 

Consider the following two-point correlator in the chiral limit 

K^uM) = ^/d^xe^^-(o|r{v;(x)Tt^(0)}|o 

= i(gV"-gVOnyT(g'), (42) 
where T^y{x) = u{x)a ^yd{x) and V^{x) = u{x)^ fj,d{x) . 
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Figure 1: Diagrams contributing to (a) the tree level and (b,c) the one-loop renormalization 
ofnyr(g^)- Dotted, square and circle cross vertices correspond, respectively, to O(p^), O(p^) 
and 0{p^) operators in xPT. 



Using dimensional regularization with minimal subtraction, a straightforward computa- 
tion of the diagrams of Fig. [1] leads to 



nyT(g^) 



2Ai - f^94 + 



A2 



327r2F2 



where 



1E + log47r, 

e 



^-log(-g') + - 



4-d. 



(43) 
(44) 



In xPT, renormalization proceeds order by order in the chiral expansion. This means that 
the logarithmic divergence of Fig. [T](c) has to be absorbed by the counterterm r294 of Fig. [1Kb) 
to render IiyT{q^) finite. This defines the renormalized coupling to be 



f^94 = ^9A{^J) + 



A, 



(45) 



where the chiral scale fi in 0^ shows the arbitrariness in subtracting the divergence from the 
bare low energy coupling ^g^. The fully renormalized Green's function therefore reads 



nyT(r 



2Ai -J7^4(/i) + 



Ao 



327r2F2 



"8 , 
log 




3 ^ 





(46) 



So far, the scale dependence associated to the tensor current has been implicitly stored into 
Ai, $194 and A2. If we now introduce the aforementioned parameter 60, we find Ai_2 = ^0 ^^1,2 
and ^94 = 60 ^^94 and as a result 

„2 ■ 



"^VTiq' 



2Ai 60 -a;^4(^) 60 9^ + 



A2 bp 
327r2F2 



(47) 



Notice that with the 60 parameter, the chiral scale and the QCD scale factorize. 

For comparison consider now the following scalar-pseudoscalar two-point Green's func- 
tion : 



liss-pp{q) 



6. xe 



iq-x 



r{5(x)St(0) -P(x)pt(0)} 







(48) 



where S{x) = u{x)d{x) and P{x) = u{x)i'j^d{x) . After evaluating the corresponding Feyn- 
man diagrams, one obtains, in the chiral limit, 



'^ss-ppiq^) 



2Ef Bi „2 r 5 



487r2 



log (-g2) + 2 



(49) 
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Again, the previous equation determines the (chiral) scale dependence of the renormahzed 
couphng : 

leading to the one-loop renormalized two-point Green's function 



log 



^2 



(51) 



All the QCD scale dependence, arising from the non-conservation of the scalar and pseu- 
doscalar currents, is factored out in Bq, whereas Lg{^) shows the running with the chiral 
scale. Notice the analogy with Eq. (|^7|) . 

Unfortunately, 60 cannot be matched onto the QCD Lagrangian in a way similar to what 
is done for Bq : the lowest dimension operators linear in the tensor source (and consequently 
in bo) are coupled to the low-energy couplings Ai and A2. These couplings are insensitive 
to pion dynamics and instead do receive contributions from vector-meson resonances |23j . 
Therefore, there is an inherent ambiguity in the determination of 60 1 because it cannot be 
decoupled from Ai and A2. The dimensionful coupling bo should not contain information 
on the integrated degrees of freedom of the theory, but otherwise it remains unspecified. To 
avoid confusion, we have omitted in our treatment any reference to 60 • 

As a result, one should keep in mind that, besides the chirally renormalized low-energy 
couplings, each operator with n tensor sources bears a non-vanishing anomalous dimension, 
namely wjt- 



7 Conclusions 

We have built the most general C, P and chiral invariant Lagrangian to O(p^) and 0{p^) 
including the sources coupled to the tensor Dirac bilinear current ^af^^,^. We have assigned 
the tensor sources with a chiral counting such as to preserve the original scheme of even terms 
in the chiral expansion. In order to end up with a minimal set of operators use has been 
made of the leading-order equations of motion, integration by parts and the Bianchi identity. 
Specialization to n/ = 2,3 provides additional relations by the use of the Cayley-Hamilton 
theorem, the full set of which are listed in the Appendix. For the three-flavor case one finds 
110 new operators and 3 contact terms, while for two flavors one ends up with 75 operators 
and 3 contact terms. We have also shown that operators contributing to the odd-intrinsic 
parity sector with tensor fields start not before 0{p^). 
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Appendix : Cayley-Hamilton relations 

The analysis in the main text to build the basis of operators has dealt with general SU{nf). 
In practice, however, one wants to specialize to the phenomenologically relevant cases, Uf = 2 
and Uf = 3. The Cayley-Hamilton theorem states that any square nxn matrix A satisfies its 
own characteristic equation, Xni^) = 0. This sets a relation between A and their invariants 
(traces and determinant). The form of the relation depends on the dimensionality n of the 
linear space. For instance. 



X2iA)=A''-{A)A + {detA)l2>c2 = 0, (n = 2); 
X3{A) = A'-{A)A^+^-^^--^A-{detA)U^, = 0, (n = 3). (A.l) 



One immediate consequence of the previous equations is that the determinant of any matrix is 
a function of its traces. We have implicitly used this information to write all chiral invariants 
solely in terms of traces. Solving the previous equations for the determinant, one finds 



. , (A)' -{A') 



A'-{A)A+ ^ l2x2 = 0, 



A-" - {A)A^ + ^ '-^A 



{A)^-{A^) ^ \{A^) {A') (A) {Af 
3 2 6 



L3x3 



0. (A.2) 



Cayley-Hamilton relations therefore set constraints between traces. For these constraints to 
be non-trivial, one has to build relations involving at least {n + 1) matrices. For instance, for 
n = 2 the quantity {ax2{b + c)) gives 

{a{b, c}) - (a) {be) - (b) {ca) - (c) {ab) + (a) (6) (c) = , (A.3) 

whereas for n = 3, using {axsi^ + c + d)), one ends up with 

{ab{c,d}) + {ac{b,d}) + {ad{b,c}) - {a{b,c}){d) - {a{b,d}){c) - {a{c,d}){b) - 
-{b{c,d}){a) - {ab){cd) - {ac){bd) - (ad) {be) + {a){b){ed) + {a){e){bd) + 

+ (a) {d) {be) + (6) (c) {ad) + (6) {d) {ae) + (c) {d) {ab) - {a){b) (c) {d) = . ( A.4) 

After imposing the Cayley-Hamilton relations, in Table lAl we have favored the terms with a 
minimum number of traces, bearing in mind that these are the dominant ones in a large- A^c 
expansion of the chiral Lagrangian. 
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A.l SU(3) 

For Uf = 3, use of Eq. ()A.4p leads to the following relations, 

i{t+^,Ua){u''uf'u'')[Yj] = Yi + Y2-^Y5-Y8, 

(i+M.) (O K^"> [^21] = -4^9 -2yio + n4 + 2^16 + 4^19, 

{t+^^u) (tT) {uau") [Y22] = -2 Yn - 2Yi2 - ^13 + ^5 + Yn + Yig + 2 ^20, 

(t-^.) {t^-) {UaU") [Fso] = -2 Y23 -2Y2A- Y25 + Y2e + Y27 + ^28 + 2 Y29, 
{t+f.uUa){fTu'')[Y64] = Y57 + Y5S-^Ye2-Ye7, 
{t+f,uUa) (/r^O [^65] = ^9 + Yeo + ^61 " 1^63 " Y^e - Yes- 

A.2 SU(2) 

The relations derived in the previous section also hold for two flavors. In addition, repetitive 
use of Eq. (|A.3P can be used to reduce monomials with multiple traces containing at least 
three chiral operators. We find 



[Yu] 
[Yi,] 
[Yw] 

[Y17] 

[Yis] 
[Y26] 

[Y27] 

[Y28] 

[Y38] 
[Y,i] 

[Y42] 

[Yi5] 
[^6] 







) iUaU" 


(i+ 






{t 




iUaU") 


{t 


4.m\ 

f/iz/t-+ / 


iu'^Ua) 


{t- 




\t-\- 


{t- 




{t+^'Uu) 


{t- 




\t^ Ua') 


{t 




iu'^Ua) 


it- 




{trn,) 


it- 







it^ 
it- 



i ix+) it+^^uu^'u'' 
i it+tJ^y) ix+u^W" 
i ix-) it-f.uu^'u" 
i it-t,u) ix-u^'u" 



2I3, 

-Y2-Y^, 

2I3, 

0, 

2^9, 

Y11 + Y12, 

Y^ + Yio-YiQ, 

>^12 + ^ll3-^l20, 

111 + ^1^13 -^^20, 

I23 + 5^24, 

1 1 

>24+ 2^25- 2^29, 

i^23 + ^>25-^^29, 

-2y31+ 5^33 + 2^34, 
-2^32+135 + 2^36, 

\ >39 + >40, 
1 

2 
1 

2 
1 



>39 - >40, 
"^43 + ^44; 



^3 - I44, 
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{t+^ufT) (u^Ua) [Yes 



66 



{t^,ufT) ix-) [Yso 
i{fj'){t+^uh^^) [Ys3 
i it.,.) {rjfl) [Ysr 

i{dH.,,){r/up) [noi 



Ill 



-(F59 + I60), 



1 



2 

0, 
0, 

Y74 - Yrj, 

Y75 - Y7S, 

Ysi - Ys2, 

>86, 

ygo - i1)l - >93 

Ygs, 

I99, 

^100, 



4yi 



119) 



104 



106; 



^ Hi + J ^13 - ^ ^23 - ^ ^25 + ^2 - 153 + ll05 - ^07 - 4 Fug, 
^105 — ^108 5 

Alle- 



le 



monomial 1' 



SU[nj) 



su 



i{t+f,,[ut',u'^]){Uo,Vy) 



{t- 



iu^,) (t^;") {uaun 

(tr) {UaW^) 



1 
2 
3 
4 
5 
6 
7 



9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 

23 
24 
25 
26 
27 
28 
29 
30 

31 



1 
2 
3 

4 
5 



9 

10 
11 
12 
13 
14 
15 
16 
17 
18 



19 
20 
21 
22 
23 
24 
25 



26 



Table A: List of operators contributing to the 0{p^) Lagrangian. 
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m< )iiomial Yj 


SU[nj) 


SU(3) 


SU{2) 


{t+,X:) (X+) 

<ir> (X-) 


32 
33 
34 

OO 

36 
37 
38 


27 
28 
29 
"in 

OU 

31 
32 
33 


15 
16 
17 

lo 

19 


i{x+) {t+^,.u>'vy) 
i{u^,){x+ut'vy) 

^\t-IJiviX-',U'^U )) 

i {t-i^^u^x-u") 
i{X-) {t-^uW'un 
i {t-^,) ix-u^'u'') 


39 
40 
41 
42 

44 
45 
46 


34 
35 
36 
37 

1Q 
00 

39 
40 
41 


20 
21 

23 


{uph^Pu'^ - ui^h^Pup)) 


4( 
48 
49 
50 


43 
44 
45 


25 
26 
27 


{Vpt+^,vpe^) 

<;^v^E_ vn^p„) 

{dPu,,) (dPt-^p) 
{dPt.,^) {dPt%) 


51 
52 

06 

54 
55 
56 


46 
47 

A Q 

49 
50 
51 


28 
29 
oU 
31 
32 
33 


{t+p,y {f'l'',UaU'^}) 
{t+puUaf+^u'') 

{Up, {fTw'u^ + u^u- 

{u,. K/r«a+«a/r«i> 


57 
58 
59 
60 
61 


52 
53 
54 
55 
56 


34 
35 
36 
37 
38 



Table A: List of operators contributing to the 0{p^) Lagrangian. 
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m< )iiomial Yj 


SU{nj) 




SU{2) 




62 
63 
64 

DO 

66 
67 
68 


57 
58 

59 
60 
61 




<t+.. [/r,x-]> 

\t+iiv) {J+ X+) 

(t^,^) (/fx-) 

{t-,.fn ix-) 


69 
70 
71 
72 
73 
74 
75 
76 

/ ( 

78 
79 
80 


62 
63 
64 
65 
66 
67 
68 
69 
lU 
71 
72 
73 


39 
40 
41 
42 
43 
44 
45 
46 

A 7 

48 




81 
82 
83 


74 
75 
76 


49 
50 


i {t-ixi^} {J- J+p) 


o4 

85 
86 
87 


77 

78 
79 

on 

80 


Oi 

52 
53 




88 
89 


81 
82 


54 
55 




90 


83 


56 



Table A: List of operators contributing to the 0{p^) Lagrangian. 
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m< )iiomial Yj 




SUi?,) 


.ST "(2) 


■ /^M \ / ^ j.i^P\ 


91 
no 

93 


84 
86 


57 
Oo 




94 


87 


59 


i{dn^^,){flfup) 

A 1 pi +P^\ U „,A\ 


95 

96 

97 

98 

99 

100 

101 

102 

103 

104 

105 

106 

107 

1 riQ 
iUo 

109 

110 

111 
ill 


88 
89 
90 
91 
92 
93 
94 
95 
96 
97 
98 
99 

100 

1 ni 
iUi 

102 

103 
1 n/i 


60 
61 
62 
63 
64 
65 

66 
67 
68 
69 
( U 




1 1 O 

iiz 
113 


iUO 
106 


t i 
72 




114 


107 


73 




115 
116 
117 


108 
109 
110 


74 
75 



Table A: List of operators contributing to the 0{p^) Lagrangian. 
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monomial 


SU{nf) 


SU{3) 


SU{2) 


Contact terms 










118 
119 
120 


111 
112 
113 


76 
77 
78 



Table A: List of operators contributing to the 0{p^) Lagrangian. 
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